A Pogorelov polytope is a combinatorial simple 3-polytope realizable in the Lobachevsky 1 (hyperbolic) space as a bounded right-angled polytope. It has no 3-and 4-gons and may have 2 any prescribed numbers of k-gons, k ≥ 7. Any polytope with only 5-, 6-and at most one 7-gon is having 5-, 6-and at most one additional 7-gon adjacent to a 5-gon. This result can not be literally 10 extended to the latter class of polytopes. We prove that it becomes valid if we additionally allow 11 connected sums with the 5-barrel and 3 new operations, which are compositions of cuttings off 12 adjacent edges. We generalize this result to the case when the 7-gon may be isolated from 5-gons. 
A nice characterization of flag and Pogorelov polytopes is given by the following result. The second operation we need is a connected sum of 3-polytopes along k-gons surrounded by The existence of certain combinatorial types of 3-polytopes we usually verify using the Steinitz 49 theorem (see [1, 2] ). We formulate it in the form (see, for example, [13, 25] ) convenient for our arguments. Theorem 2. Let P be a connected 3-valent plane graph with each face bounded by a cycle with at least 5 and at 57 most 7 edges, where the number of boundary cycles with 7 edges is at most one. Then this graph is a graph of a 58 simple 3-polytope.
50

Theorem 1 (Steinitz
59
In [13] the polytopes with 5-, 6-and one 7-gon are called 7-disk-fullerenes. Denote by F the family 60 of fullerenes, by P 7 the family of 7-disk-fullerenes, by P 7,5 its subfamily consisting of polytopes with 61 the 7-gon adjacent to a 5-gon, by P ≤7,5 the family F P 7,5 , and by P ≤7 the family F P 7 . In [4] the 62 following generalization of Theorem 2 was proved.
63
Theorem 3. Let P ∈ P ≤7 . Then P is a Pogorelov polytope.
64
This result leads to a natural question. Let p k be the number of k-gonal faces of a simple 3-polytope 
Theorem 6 ([4]).
Any fullerene P ∈ D can not be obtained from a simple 3-polytope without 4-gons by a
128
(2, k)-truncation, k ≥ 6. Any fullerene P ∈ F \ D can be obtained from the 6-barrel by a sequence of (2, 6; 5, 5)-, by a (2, k)-truncation from a polytope in P ≤7,5 . The example is given by the polytope with the graph 133 drawn on Fig. 9 . Indeed, a connected sum with the 5-barrel produces a 5-gon surrounded by 5-gons,
134
and a (2, k)-truncation produces a 5-gon with one edge lying in an r-gon, r = 5 or 6, and intersecting
135
by vertices a p-and a q-gon with p, q ≥ 6. In the presented polytope P any such edge belongs to a 136 6-gon and intersects two 6-gons, which means that the polytope Q transforming to P contains two 137 7-gons.
138
Figure 9. A polytope in P 7,5 , which can not be obtained from a polytope in P ≤7,5 by a (2, k)-truncation or a connected sum with the 5-barrel.
Let us mention that a connected sum with the 5-barrel is evidently a growth operation. Also an 
Proof of the main results
163
Proof of the first main result (Theorem 4). We will develop the idea of Example 1 corresponding to 164 the case p 7 = 2, p k = 0, k ≥ 8. First let us take the disk drawn on Fig. 11 on the boundary circle, where the number b of boundary faces is it least 5 (see Fig. 11 (b) for the case 
197
Now glue both disks together to obtain a 2-sphere with a 3-valent graph on it. We claim that at least 5 faces. Glue the two disks along the boundaries to obtain a 2-sphere with a plane graph corresponding to 219 a simple 3-polytope with prescribed numbers p k , k ≥ 7. We claim that this polytope is a Pogorelov polytope. Proof. We will prove that P has no 3-and 4-belts. they both intersect F j on L 2 . A contradiction. Hence P has no 4-belts and it is a Pogorelov polytope.
245
Example 2. For the case p 7 = 2, p k = 0, k ≥ 8, the first disk is drawn on Fig. 12 . The second disk is drawn on Remark 2. Construction 1 of Pogorelov polytopes with given numbers (p k , k ≥ 7) can be generalized by taking 248 two disks of the first type and substituting several belts of 5-and 6-gons for the last belt of the disk with shorter 249 boundary circle to make the lengths of the boundary circles equal. Then for the case p 7 = 2, p k = 0, k ≥ 8, the 250 modified construction can produce the 7-barrel.
251
Now we proceed to prove the second and the third main result. We call by a k-loop a cyclic 
259
Theorem 9. Let P ∈ P ≤7 . Then any 5-belt either surrounds a face and has on this side the boundary code
260
(1, 1, 1, 1, 1), or surrounds a patch obtained by addition of r ≥ 0 5-belts of 6-gons around the patch C 1 and has 261 on this side the boundary code (2, 2, 2, 2, 2).
262
Proof of the second main result (Theorem 7). We start with the following 263 Lemma 1. Let a polytope P ∈ P ≤7 contain a patch C 1 . Then either P is the 5-barrel, or P is obtained from 264 some polytope Q ∈ P ≤7 by a connected sum with the 5-barrel producing this patch. In particular, if P ∈ F , 265 then P ∈ D, and if P ∈ P 7 , then P is obtained from a fullerene containing a patch drawn on 
to the 5-belt surrounding C 1 , whence they are distinct and Thus, for P = D 0 we have F i ∩ F k = ∅, and F k ∩ F r = ∅ by a similar argument, and B is a 5-belt.
282
By Theorem 9 either this belt surrounds a 5-gon, or each face of the belt has two edges on the outer 283 part of the boundary ∂P of P. In the first case F k is a 4-gon, and in the second case both F j and F l are 284 7-gons. A contradiction. The lemma is proved.
285
Denote the patches arising after operations of a (2, 6; 5, 5)-, (2, 6; 5, 6)-, (2, for a (2, 7; 5, 5)-truncation; and A, B = P 7 for a (2, 7; 5, 6)-truncation. Let us call a polytope P ∈ P ≤7 295 irreducible, if it can not be obtained from a polytope in P ≤7 by these operations. Otherwise let us call P 296 reducible. First we will prove that only the 5-and the 6-barrel are irreducible, and then we will explain 297 how to avoid polytopes in D.
298
It can be proved that a collection of faces of a polytope P ∈ P ≤7 with the same combinatorics Lemma 2. Let P ∈ P 7,5 be irreducible. Then the 7-gon can not be adjacent to 5-gons by 3 subsequent edges.
Proof. The 7-gon is surrounded by a 7-belt. If 3 of its subsequent faces F a , F b , F c are 5-gons then the 307 they belong to the patch formed by two adjacent 5-gons F v and F w and the 6-belt B surrounding them.
310
Consider the 6-th face of B. It is different from the 7-gon, since these two faces are non-subsequent in 311 the 6-belt surrounding the 5-gons (F c , F w ). It cannot be a 5-gon, for otherwise the patch C 1 appears.
312
Therefore, it is a 6-gon. Consider the 5-loop B 1 = (F i , F j , F k , F l , F r ) arising on the boundary of B, where
313
F i is the 7-gon. Any two non-subsequent faces of this loop do not intersect, since they are adjacent 314 to the same face of this loop by non-adjacent edges. Then B 1 is a 5-belt. Since on the side of the belt
315
B it has the boundary code (3, 2, 2, 2, 2), and F i has on the other side 2 edges, by Theorem 9 the other 316 boundary code is (2, 2, 2, 2, 2), P contains the patch C 1 and is obtained by a connected sum with the 5-barrel by Lemma 1. The lemma is proved. Figure 16 . The 7-gon adjacent to 3 subsequent 5-gons.
319
Lemma 3. Let P ∈ P 7,5 be irreducible. Then the 7-gon can not be adjacent to 5-gons by 2 subsequent edges.
320
Proof. The 7-gon is surrounded by a 7-belt. If 2 of its subsequent faces F i and F j are 5-gons then the does not intersect the 7-gon, since these two faces are non-subsequent faces of the 6-belt surrounding 325 the 5-gons (F j , F l ). It cannot be a 5-gon, for otherwise the patch C 1 appears. Therefore, it is a 6-gon.
326
The faces F a and F e are 6-gons by Lemma 2. Also F b and F d are 6-gons, for otherwise the patch D 2,6;5,5 327 appears. The face F f is not the 7-gon, since the 7-gon and F c are not adjacent. If F f is a 5-gon, we obtain 328 the patch D 2 (see Fig. 17(b) ). If F f is a 6-gon, we obtain the patch D 3 (see Fig. 17(c) ). The lemma is Proof. Let a polytope P ∈ P 7,5 be irreducible. By definition the 7-gon F is adjacent to at least one 333 5-gon, say F j . By Lemma 3 the faces F i and F k adjacent to F by the edges next to F ∩ F j are 6-gons.
334
The rest two faces adjacent to F j are 5-gons, for otherwise the patch D 2,7;5,6 appears. We obtain the 335 picture drawn on Fig. 18(a) . The faces F b and F do not intersect, since they are non-subsequent in the 336 belt surrounding F j and F q . If F b is a 6-gon, then F a and F c are also 6-gons, for otherwise the patch 337 D 2,6;5,5 appears. Then P contains the patch D 1 (see Fig. 18(b) ). Thus, F b is a 5-gon (see Fig. 18(c) ). The Lemma 3 we see that either F w is a 5-gon, and we obtain the patch D 2 , or F w is a 6-gon and we obtain 346 the patch D 3 .
347
(a) Now we can assume that one of the faces F a and F c is a 5-gon and the other is a 6-gon. Since we 348 do not take into account the orientation, without loss of generality assume that F a is a 5-gon and F c is a 349 6-gon ( Fig. 19(a) ). If F d is a 6-gon, then F u is also a 6-gon, for otherwise we obtain the patch D 2,6;5,5 .
350
Then we have the patch D 1 (Fig. 19(b) ). Thus, F d is a 5-gon and we obtain Fig. 19(c) . The face F t is (a) If F u is a 5-gon, we obtain Fig. 20(a) . All the 5-gons are distinct, since they consist of adjacent
355
faces F a , F p and some faces of the 6-belt surrounding them. We have a 5-loop (
is a 5-belt, since any two non-subsequent faces of this 5-loop are adjacent to some face of this loop
357
by non-subsequent edges. But this belt has both boundary codes different from (1, 1, 1, 1, 1) and
358
(2, 2, 2, 2, 2), which contradicts Theorem 9. Hence F u is a 6-gon and we obtain Fig. 20(b) . Then if F t is a 359 5-gon, we obtain the patch D 2,6;5,5 , and if F t is a 6-gon, we obtain the patch D 1 (or, more precisely, its 360 mirror image, which we do not distinguish from it), see Fig. 20(c) . 
362
Thus, any irreducible polytope in P ≤7,5 is a fullerene. Now we will prove the result, which will 363 be useful also for P ≤7 . For fullerenes it was proved in [4, Thorem 4.0.2 1].
364
Lemma 5. Let P be a fullerene or a polytope in P 7 with the 7-gon surrounded by 6-gons. If P has two adjacent 365 5-gons, then either P is the 5-or the 6-barrel, or it can be obtained from a fullerene or a polytope in P 7 respectively 366 by one of the operations: a connected sum with the 5-barrel, a (2, 6; 5, 5)-truncation, O 1 , O 2 , O 3 . and F l by vertices (see Fig. 21(a) ). Then each pair of faces (F p , F q ) and (F u , F v ) contains at least one 375 6-gon, for otherwise the patch C 1 appears. Up to a mirror symmetry corresponding to the change of 376 an orientation of the polytope, we have two possibilities: F p , F v are 5-gons (Fig. 21(b) ), or F p , F u are 377 5-gons (Fig. 21(c) ).
378
(a) In the first case F w is a 6-gon, for otherwise the patch D 2,6;5,5 appears. Then F u and F q are 5-gons,
379
for otherwise the patch D 1 appears. Then F q and F u are 5-gons, for otherwise the patch D 1 appears.
380
F r is a 6-gon, for otherwise the patch C 1 appears (see Fig. 22(a) ). Also faces F s and F t are 6-gons,
381
for otherwise the patch D 2,6;5,5 appears. Faces F a and F b are distinct, since they are adjacent to F s by 382 distinct edges. Then one of them is not a 7-gon. If it is a 5-gon, we obtain the patch D 2 (Fig. 22(b) ). If it 383 is a 6-gon we obtain the patch D 3 (Fig. 22(c) ).
384
(a) In the second case each pair of faces (F q , F r ) and (F v , F w ) contains at least one 5-gon, for otherwise 385 the patch D 1 appears. If F w is a 5-gon, then F v is also a 5-gon, for otherwise the patch D 2,6;5,5 appears.
386
Therefore we can assume that F v is a 5-gon, and similarly F q is a 5-gon, see Fig. 23(a) . The 6-loop
is a 6-belt, since any two non-subsequent faces of this loop are non-subsequent 388 faces of the 6-belt surrounding one of the 3 pairs of adjacent 5-gons F i , F j , F l . If F w is a 5-gon, then we 389 obtain a patch D drawn on Fig. 23(b) . If both faces F s and F t are 6-gons, we obtain the patch D 1 . If F s is 390 a 5-gon, then F t is a 5-gon, for otherwise we obtain the patch D 2,6;5,5 . Thus, we can assume that F t is a P is the 6-barrel. If F w is a 6-gon, then F t is also a 6-gon (see Fig. 23(d) 
399
We are ready to prove the following result.
400
Lemma 6. Only the 5-and the 6-barrel are irreducible polytopes in P ≤7,5 .
401
Proof. The 5-and the 6-barrel are evidently irreducible. Any polytope in P 7,5 is reducible by Lemma 
405
Now we will show how to avoid polytopes in D.
406
Lemma 7. Let P be a polytope in P ≤7 \ D. If it can be reduced to a polytope in D, then it can also be reduced 407 to a polytope Q ∈ P ≤7 \ D. the cases any of the operations makes the transformation of the patches drawn on Fig. 24 (a) . Then the 413 polytope P also contains the patch D 1 and can be reduced to a polytope Q ∈ P ≤7 containing the patch 414 D 2,6;5,5 (see Fig. 24(b) ). We have Q / ∈ D and the lemma is proved. 
Proof of the third main result (Theorem 8).
Consider a polytope P ∈ P ≤7 . If P ∈ P ≤7,5 , then the 420 theorem follows from Theorem 7. If P ∈ P 7 \ P ≤7,5 , and P has two adjacent 5-gons, then the theorem 
434
Lemma 8. Let Γ be the shortest path among all thick paths connecting the 7-gon with 5-gons in a polytope
435
P ∈ P 7 with the 7-gon and all the 5-gons isolated. If Γ hat no turns, then it is contained in the patch drawn on 436 Fig. 25(a) . If it has one turn, then it is contained in the patch drawn on Fig. 26(a) .
437
Proof. The path Γ itself forms a patch on the polytope P. To prove that Γ is contained in the desired This finishes the proof of the theorem. 
Prospects
468
In Introduction we have enough discussed the place of our results in the context of studies in this 469 direction. Let us mention the arising prospects. 
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Abbreviations
494
The following abbreviations are used in this manuscript:
495 496 F the family of fullerenes P 7 the family of simple 3-polytopes with 5-, 6-and one 7-gonal face P 7,5 the subfamily in P 7 consisting of polytopes with the 7-gon adjacent to a 5-gon P ≤7,5 F P 7,5 P ≤7 F P 7 D the family of polytopes consisting of the dodecahedron and the (5, 0)-nanotubes
